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h i g h l i g h t s
• We propose an extended ‘‘rock–paper–scissors’’ game model named the ‘‘fingers’’ game.
• We investigate the ‘‘fingers’’ game using both direct simulations and nonlinear partial differential equations.
• Increasing the number of species can jeopardize biodiversity.
• Reproduction rate and mobility also affect species’ biodiversity in our game.
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a b s t r a c t
Cyclic competition game models, particularly the ‘‘rock–paper–scissors’’ model, play im-
portant roles in exploring the problem of multi-species coexistence in spatially ecological
systems.Wepropose an extended ‘‘rock–paper–scissors’’ game tomodel cyclic interactions
among five species, and find that two of the five can coexistent when biodiversity disap-
pears, which is different from the ‘‘rock–paper–scissors’’ game. As the number of fingers
is five, we named the new model the ‘‘fingers’’ game, where the thumb, forefinger, mid-
dle finger, ring finger, and little finger cyclically dominate their subsequent species and are
dominated by their former species. We investigate the ‘‘fingers’’ model in two ways: di-
rect simulations and nonlinear partial differential equations. An important finding is that
the number of species in a cyclic competition game has an influence on the emergence
of biodiversity. To be specific, the ‘‘rock–paper–scissors’’ model is in favor of maintaining
biodiversity in comparison with the ‘‘fingers’’ model when the variables (population size,
reproduction rate, selection rate, andmigration rate) are the same. It is also shown that the
mobility and reproduction rate can promote or jeopardize biodiversity.
© 2013 The Authors. Published by Elsevier B.V.
1. Introduction
Biodiversity and self-organized patterns are two fundamental phenomena of ecological systems. Over the last few years,
there has been an increasing interest in understanding the dynamicalmechanism of creating biodiversity and self-organized
patterns in ecological systems. Generally, cyclic competition game models, particularly the ‘‘rock–paper–scissors’’ game
model, are proposed to characterize the essence of multi-species ecological systems [1–5]. In fact, there are series of natural
cyclic interactions in ecological systemswhich can be appropriatelymodeled as cyclic competition games, such as the three-
morph mating system in the side-blotched lizard [6] and Escherichia coli [7].
Studies of cyclic competition games can greatly benefit our understanding of multi-species ecological systems. On the
one hand, such a study can be used to explore how biodiversity is maintained or jeopardized [8–11,7,12–19]. For ex-
ample, Kerr et al. [7] used a real-life ‘‘rock–paper–scissors’’ game to study the effect of local dispersal on biodiversity.
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Indeed, many insights have been gained about the creation of biodiversity through this approach. It was found that mobility
could remarkably promote and jeopardize biodiversity [12–15]. In detail, when the mobility exceeded a threshold, biodi-
versity was destroyed; in contrast, when the mobility was below a certain threshold, three species could coexist. Moreover,
it was found that competition and intraspecies infection could strongly promote coexistence and maintain ecological bio-
diversity, while interspecies spreading could not [16,17]. Jiang et al. [19] observed that increasing the selection rate could
promote biodiversity.
On the other hand, studies of cyclic competition games can also be used to investigate the formation of self-organized
patterns [20–26]. For example, Wang et al. [24] incorporated both intra- and inter-patch migrations in cyclic competition
games, and found the occurrence of remarkable target-wave patterns in the absence of any external control. Jiang et al. [25]
incorporated a periodic current of three species in a small central area to investigate the emergence of target waves. They
also reproduced multi-armed spirals and multi-pair antispirals by using a set of seed species distributions.
Though much work has been done, most of them focus on the dynamics of cyclic competition games with three species,
i.e., the ‘‘rock–paper–scissors’’ game. Indeed, until now, the dynamical behavior of cyclic competition games with more
species was still not clear. In the ‘‘predator–prey’’ model, an extended version with four species has been investigated, in
which each species dominated its subsequent species andwas dominated by its former species cyclically [27–31]. It is shown
that simply adding to the number of species can producemuchmore complex scenarios. Naturally,wewonderwhat happens
to the dynamics behaviors of the ‘‘rock–paper–scissors’’ game after adding to the number of species. Following this line, we
establish an extended ‘‘rock–paper–scissors’’ model with five species, where each species dominates its subsequent species
and is dominated by its former species cyclically, and explore its dynamical behaviors in this paper.
The main contributions of this paper are two-fold. First, we show that two species may coexist in a cyclic competition
game with five species, if neither of those two species could dominate or be dominated by the other. As a comparison, note
that in the ‘‘rock–paper–scissors’’ model, any two species could not coexistwithout the presence of the third species. Second,
we show the effects ofmobilityM , reproduction rate, and the number of species on biodiversity in a cyclic competition game
with five species. In detail, we find that there is a critical thresholdMc formobility. ForM > Mc , at least three species become
extinct. For M < Mc , five species could coexist. Intriguingly, we observe that the critical threshold for mobility is smaller
in the cyclic competition game with five species than in the ‘‘rock–paper–scissors’’ game. This indicates that the number of
species in cyclic competition may have an influence on the emergence of biodiversity.
This paper is organized as follows. Section 2 introduces the evolutionary model of the cyclic competition game with five
species. Section 3 presents themain results: the effects ofmobility, reproduction rate, and number of species on biodiversity
are explored in this section. In Section 4, we explain the main results analytically. Some concluding remarks are given in
Section 5.
2. The model
In this section, we propose an extended ‘‘rock–paper–scissors’’ game to model the cyclic interactions among five mobile
species. For simplicity, we name this extended ‘‘rock–paper–scissors’’ game the ‘‘fingers’’ game, where the thumb (A), fore-
finger (B), middle finger (C), ring finger (D), and little finger (E) refer to each species, respectively. In this ‘‘fingers’’ game,
the five species form a cycle such that each species dominates its subsequent species and is dominated by its former species.
Obviously, there exist certain pairs of species where one cannot dominate or be dominated by the other. We call such pairs
of species irrelevant species.
Now consider a square lattice of sizeN = L2 with periodic boundary conditions. The population is arranged on this square
lattice. In detail, each site in the square lattice is either occupied by one individual or empty. Interactions occur among two
nearest neighboring individuals, as illustrated in the following rules:
AB
σ→ A∅, BC σ→ B∅, CD σ→ C∅, DE σ→D∅, EA σ→ E∅ (1)
A∅
µ→ AA, B∅ µ→ BB, C∅ µ→ CC, D∅ µ→DD, E∅ µ→ EE (2)
A
ε→A, B ε→B, C ε→C, D ε→D, E ε→E. (3)
Here, A, B, C,D, and E denote individuals from the five species, respectively, ∅ denotes empty sites, and  represents a
general site which may be occupied with an arbitrary species or an empty site. Relation (1) describes the interactions of
cyclic selection. Each species dominates a less-predominant species cyclically and leaves the neighboring site empty with
rate σ . Relations (2) and (3) characterize reproduction and migration that occur at rate µ and ε, respectively.
The evolutionary dynamics of the population is illustrated as follows. At each step, we randomly choose one individual
and one of its neighbors. For each selected pair of nodes, selection, reproduction, and migration occur with probabilities
σ
σ+µ+ε ,
µ
σ+µ+ε , and
ε
σ+µ+ε , respectively. However, whether the updating can successfully occur is determined by the state
of both sites. In simulations, an actual time step is defined as the steps duringwhich each individual experience one updating
on average. In other words, in one actual step, N pairwise interactions occur. Moreover, the number of time steps involved
in the simulation is called the waiting time T . Following previous works [12–14], here, the waiting time is set as T = O(N).
Individual mobility M is defined as M = ε/2N , which is proportional to the average area explored by a mobile individual
per unit time according to the theory of random walks [32].
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Under the above evolutionary dynamics, the population on the lattice evolveswith time. Onemain interesting question is
what the population is composed of after the waiting time T . In the traditional ‘‘rock–paper–scissors’’ game, it is found that
the population is composed of either all species or only one species [12], where the former is defined as biodiversity. Here,
in the ‘‘fingers’’ game, the situation is a little different. In the evolutionary dynamics of the ‘‘fingers’’ game, the population
may be in one of the following two states after the waiting time:
1. five species coexist;
2. one pure species, or two irrelevant species exist.
Considering this, in the dynamics of the ‘‘fingers’’ game, biodiversity is defined as the coexistence of five species, while
extinction is defined as survival of no more than two species.
The above observation can be illustrated by the rate equations (REs) of the five species. Here, the REs describe the evolu-
tion of the stochastic lattice model in a mean-field manner. Using a similar method introduced in the ‘‘rock–paper–scissors’’
game [33], we derive the REs for the ‘‘fingers’’ game as follows:
Dta = a[µ(1− ρ)− σ e]
Dtb = b[µ(1− ρ)− σa]
Dtc = c[µ(1− ρ)− σb]
Dtd = d[µ(1− ρ)− σ c]
Dte = e[µ(1− ρ)− σd].
(4)
In the above equations, a, b, c, d, and e denotes the densities of species A, B, C,D, and E, respectively; ρ = a + b + c +
d + e is the overall density of the whole population; σ and µ represent the rate of selection and reproduction. Suppose
that situation 1 does not happen; then there must be at least one extinct species. Without loss of generality, we assume that
species A goes extinct. Then the above REs become
Dtb = b[µ(1− ρ)]
Dtc = c[µ(1− ρ)− σb]
Dtd = d[µ(1− ρ)− σ c]
Dte = e[µ(1− ρ)− σd].
(5)
According to Eq. (5), we know that Dt(b) ≥ 0, which means that the density of species Bwill increase monotonically. In
the meantime, note that b ≤ 1; then there exists limitation b∗ for b. So, when t →∞, the following equalities hold: b = b∗
and limt→+∞ Dtb = 0. The latter equality indicates that ρ = 1 for t →∞. Now, Eq. (5) becomes
lim
t→+∞Dtc = −σb
∗c
lim
t→+∞Dtd = −σ cd
lim
t→+∞Dte = −σde.
(6)
Because b∗ > 0, limt→+∞ Dtc < 0; then species C will eventually disappear. According to limt→+∞ Dtd = −σ cd, the
density of species D is stable. And according to limt→+∞ Dte = −σde, species D and E cannot coexist, so at least one of them
will become extinct. In summary, we show that if there is one species that dies out, there are at most two irrelevant species
which can survive. The result explains the observations in simulations of the ‘‘fingers’’ game.
The above discussion can directly extend to a cyclic competition game with n species. Generally, in the evolutionary
dynamics of a cyclic competition game with n species, the population may be in one of the following two states after the
waiting time:
1. n species coexist;
2. no more than
 n
2

irrelevant species exist.
Thus, extinction in n-species cyclic games can be defined as that more than
 n
2

species are extinct.
3. Main results
In this section, we explore the dynamical behaviors of the evolutionary process of the ‘‘fingers’’ game. In detail, the self-
organized patterns and their variances with main parameters are investigated. Moreover, as biodiversity is an essential
phenomenon in ecological systems, we also explore the effects of mobility, reproduction rate, and number of species on
the maintenance of biodiversity. The results are derived by numerical simulations, and then are validated by theoretical
analysis.
To begin with, we show the effect of population size N on the self-organization patterns in the evolutionary dynamic of
the ‘‘fingers’’ game. In detail, we keep individual mobility fixed at the value M = 10−5, and change the population size N
systematically. L is named as lattice number, and then we can modify L instead of modifying N . Recall that the migration
rate ε is dependent on the population size according to the formula ε = 2MN . So the change of population size introduces
the variation in migration rate. Snapshots of the self-organization patterns after waiting time T are shown in Fig. 1. It can be
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Fig. 1. Self-organization patterns with different L after waiting time T . Each color represents a different species, and gray denotes empty spots. The
parameters are set as M = 10−5 , σ = µ = 1, and T = N . The lattice size is L = 100 (top left), L = 200 (top right), L = 300 (bottom left), and L = 400
(bottom right).
observed that individuals of each species spontaneously organize into spiral waves. In addition, when the lattice number is
small, such as L = 100 and L = 200, the evolution of the population is greatly affected by stochastic fluctuation. That is why
the patterns in such cases are fuzzy and unclear. With the increase of the population size, the patterns becomemore regular
and steady (for L = 300 and L = 400). In fact, when the population size is sufficiently large, the evolutionary dynamics
of the ‘‘fingers’’ game asymptotic approaches its continuum limit, which can be described by nonlinear partial differential
equations (PDEs); see Section 4.
Now, we focus on the effect of mobility on self-organization patterns in the evolutionary dynamics of the ‘‘fingers’’ game.
To this end, we keep the lattice number fixed at the value L = 400, and change themobility rateM systematically. The other
parameters are set as µ = σ = 1. Snapshots of the self-organization patterns after waiting time T are shown in Fig. 2. In
detail, panels (a) and (e) are used to express the wavelength λ of spiral waves. Panels (b)–(d) are generated by numerical
simulations, while panels (f)–(h) are generated by the theoretical PDEs introduced in Section 4, and panels in the same row
have been obtained for the same parameters. According to these figures, two results about the evolutionary dynamics of
the ‘‘fingers’’ game can be obtained. First, the dynamical behaviors of the evolutionary process of the ‘‘fingers’’ game on a
square lattice can be approximated by the behaviors of the PDEs in Section 4. In fact, the typical sizes and wavelengths of
the spiral waves of the numerical simulations and the PDEs manifestly coincide. Second, there is a threshold of mobility
Mc in the evolutionary dynamics of the ‘‘fingers’’ game such that biodiversity is jeopardized for M > Mc . Since the spiral
wavelength becomes larger and larger along with the increase of mobilityM , when the mobility increases toM = 10−3, the
spiral waves disappear, and only two irrelevant species exist, as shown in Fig. 2(d).
In order to prove the existence of Mc , we calculate the extinction probability with the variation of mobility M in both
the ‘‘rock–paper–scissors’’ and the ‘‘fingers’’ models (shown in Fig. 3). The extinction probability is the average value of a
series of simulations, and the parameters are set as T = N and µ = σ = 1. An important finding is that a critical threshold
of mobility occurs in both the ‘‘rock–paper–scissors’’ game and the ‘‘fingers’’ game; however, those critical values are not
equal to each other when the lattice number, selection, and reproduction rate are the same. In detail, when L = 100 (yel-
low line and green line), we can see that Mc = (3.5 ± 0.5) × 10−4 in the ‘fingers’’ model and Mc = (4.5 ± 0.5) × 10−4
in the ‘‘rock–paper–scissors’’ model. Besides, the extinction probability of the ‘‘fingers’’ model is higher than that of the
‘‘rock–paper–scissors’’ model, which indicates that the ‘‘rock–paper–scissors’’ model is in favor of maintaining biodiversity
in comparison with the ‘‘fingers’’ model when the variables containing the lattice number, reproduction rate, and selection
rate are the same. Furthermore, we find that Mc and Pext change with the variation of L but those changes are not mono-
tonic (see blue line, yellow line, pink line, and red line). In conclusion, the number of species in cyclic competition plays an
important role in the emergence of biodiversity, while the influence of the lattice number is tiny.
We define the threshold ofwavelengthλc as thewavelengthwhenM = Mc . It is known thatλ increaseswith the increase
ofM (see Fig. 2 and Ref. [12]). Hence, λc is a critical value such that a short wavelength λ < λc guarantees the biodiversity
of five species, while λ > λc induces the extinction of more than three species, leaving behind a state where less than two
species exist. It is obtained that Mc changes with the variation of L and the number of species (see Fig. 3). However, with
the variation of selection and reproduction rate, we find that λc maintains a steady value 0.8± 0.05, and this value is equal
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Fig. 2. Snapshots (a) and (e) show the wavelength of a typical spiral. The other snapshots are self-organization patterns with different M at time T .
M = 10−6 for (b) and (f),M = 10−4 for (c) and (g), andM = 10−3 for (d) and (h). The upper three panels are generated by numerical simulations, and the
bottom three are generated by PDEs. Each color represents one species, and gray represents empty sites. The lattice number is L = 400 and the waiting
time T = N . The color at each spatial site in the bottom panels is determined by the densities of the five species, i.e., the color of each site is set to the color
of the species with highest density at that site.
Fig. 3. Species extinction probability with the variation of mobility. We set σ = µ = 1 and T = N . The blue line represents the ‘‘fingers’’ model with
L = 30; the pink line represents the ‘‘fingers’’ game with L = 50; the yellow line represents the ‘‘fingers’’ model with L = 100; the red line represents
the ‘‘fingers’’ game with L = 200; and the green line represents the ‘‘rock–paper–scissors’’ game with L = 100. The line for L = 30 was obtained with
1000 simulations, while other cases used 100 simulations, and Pext was calculated from the average of the simulation results. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
to the critical wavelength in the ‘‘rock–paper–scissors’’ model (Ref. [12] observed that λc was not affected by changing the
selection and reproduction rate in the ‘‘rock–paper–scissors’’ model). In a word, the critical wavelength is universal, which
means that it cannot change with the variation of reproduction, selection rate, and number of species.
Subsequently, we analyze the critical threshold of the ‘‘rock–paper–scissors’’ model and the ‘‘fingers’’ model with the
help of λc , and denote them M3c and M
5
c for short, respectively. In Fig. 4, we show the wavelength of spiral waves for dif-
ferent M and number of species (including 3 and 5). The top four panels are generated by the ‘‘rock–paper–scissors’’ game
while the bottom four panels are generated by the ‘‘fingers’’ model, and the parameters L,M ,µ, and σ of each bottom snap-
shot are equal to those of the one right above. When comparing each pair of snapshots in the same column, it is quite clear
that the wavelength of the ‘‘rock–paper–scissors’’ model is smaller than that of the ‘‘fingers’’ model. Equivalently, when the
wavelength of the ‘‘fingers’’ model equals λc , the wavelength of the ‘‘rock–paper–scissors’’ is smaller than λc . Furthermore,
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Fig. 4. Snapshots with the variation of mobility in the ‘‘rock–paper–scissors’’ model and the ‘‘fingers’’ model after waiting time T = N; the top four snap-
shots represent the ‘‘rock–paper–scissors’’ model, while the bottom four represent the ‘‘fingers’’ model. In (a) and (e),M = 4.0 × 10−5 , in (b) and (f),M =
8.0 × 10−5 , in (c) and (g),M = 2.0 × 10−4 , and in (d) and (h),M = 4.0 × 10−4 . When the values of mobility are equal, the wavelength of the ‘‘fingers’’
model is larger than that of the ‘‘rock–paper–scissors’’ model.
Fig. 5. The critical mobility with the variety of reproduction rate µ. We keep σ = 1 and increase the value of µ systematically. By solving the nonlinear
PDEs, we can measure the wavelength λ and determine the critical mobility when λ approaches λc (blue line). The red cross is calculated by direct
simulations. If µ is much smaller than the selection rate, that is, µ≪ σ , the critical mobility is significantly affected by µ. In the opposite case, if µ≫ σ ,
the critical mobility does not rely too much on µ; in other words,Mc approaches a constant value for µ≫ σ .
when the mobility in the ‘‘rock–paper–scissors’’ game reaches M5c , the wavelength is smaller than λc , which means that
M5c is smaller thanM
3
c . In conclusion, the critical mobilityM
3
c in the ‘‘rock–paper–scissors’’ model is larger than that of the
‘‘fingers’’ model when those parameter values are the same, which agrees with the descriptions of Fig. 3.
We wonder whether mobility is the only factor which causes the extinction and coexistence of species. By changing the
reproduction rate, we calculate the critical mobility with the help of PDEs, reported in Fig. 5. We set σ = 1 and find that the
critical mobility Mc(µ) depends on the reproduction rate µ: when M > Mc(µ), more than two species go extinct; when
M < Mc(µ), all species coexist, and propagate spiral waves. Fig. 5 shows that a large rate of reproduction can enhance
species coexistence; however, the influence of the reproduction rate on the critical mobility Mc is not linear. In detail, if µ
is much smaller than the selection rate, the critical mobility is significantly affected byµ, while, ifµ is much larger than the
selection rate, the critical mobility is almost independent of µ.
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4. Theory
In this section, we construct a series of nonlinear partial differential equations (PDEs) to approximate the evolutionary
dynamics of the ‘‘fingers’’ game on lattices. The method used here is similar to that used in the evolutionary dynamics of
the ‘‘rock–paper–scissors’’ game [14]. As we have pointed out, the evolutionary dynamics of the ‘‘fingers’’ game asymptotic
approaches its continuum limitwith the increase of the population size. Denotena(r, t),nb(r, t),nc(r, t),nd(r, t), andne(r, t)
as the densities of populations A, B, C,D, and E at time t and site r = (r1, r2) in the two-dimensional space, respectively.
The neighbors of the individual at site r are located at r ± ∆r · ei, for i = 1, 2. Here, {ei, i = 1, 2} denotes the basis of the
two-dimensional lattice. Under the evolutionary dynamics introduced in Section 2, the change of the average value of an
arbitrary population, take species A for example, can be described by the following equation:
∂tna(r, t) = 14
2
±,i=1
{2ε[na(r ±∆r · ei, t)− na(r, t)] + µna(r ±∆r · ei, t)[1− na(r, t)− nb(r, t)
− nc(r, t)− nd(r, t)− ne(r, t)] − σne(r ±∆r · ei, t)na(r, t)}. (7)
In the right-hand side of the equation, the first term describes the migration process, where the individual at this site is
replaced by its neighbors. The second termand the third termdescribe the increase anddecrease of na(r)due to reproduction
and selection, respectively. Set the length of the lattice to unity; then the distance between two nearest neighbors is∆r =
1/
√
L. For L →∞, the distance∆r converges to 0. Thus, r can be treated as a continuous variable which can be expressed
to second order using Taylor expansion,
na(r ±∆r · ei, t) = na(r, t)±∆r∂ina(r, t)+ 12∆r
2∂2i na(r, t)+ o(∆r2).
Substituting the above expansion into Eq. (7), the first term on the right-hand side of Eq. (7) becomes
ε
2
2
±,i=1
[na(r ±∆r · ei, t)− na(r, t)] = ε2∆r
2∆na(r, t).
Note that
ε = 2MN, (8)
where mobilityM is a fixed constant, so we note that ε∆r2 = 2M . For the other terms on the right-hand side of Eq. (7), only
the zeroth-order contributions in the expansion of na(r ±∆r · ei, t) do not vanish when N →∞ (i.e.,∆r → 0). Under this
circumstance, Eq. (6) turns into
∂tna(r, t) = M∆na(r, t)+ µna(r, t)[1− ρ(r, t)] − σna(r, t)ne(r, t), (9)
with local density ρ(r, t) = na(r, t)+ nb(r, t)+ nc(r, t)+ nd(r, t)+ ne(r, t). The evolution equations for nb(r, t), nc(r, t),
nc(r, t) and ne(r, t) can be obtained with the same method. In summary, the following set of PDEs can be obtained:
∂tna(r, t) = M∆na(r, t)+ µna(r, t)[1− ρ(r, t)] − σna(r, t)ne(r, t)
∂tnb(r, t) = M∆nb(r, t)+ µnb(r, t)[1− ρ(r, t)] − σnb(r, t)na(r, t)
∂tnc(r, t) = M∆nc(r, t)+ µnc(r, t)[1− ρ(r, t)] − σnc(r, t)nb(r, t)
∂tnd(r, t) = M∆nd(r, t)+ µnd(r, t)[1− ρ(r, t)] − σnd(r, t)nc(r, t)
∂tne(r, t) = M∆ne(r, t)+ µne(r, t)[1− ρ(r, t)] − σne(r, t)nd(r, t).
(10)
Now, according the above PDEs, we can analyze the dynamical behaviors of the evolutionary process of the ‘‘fingers’’
game. The adaptive Runge–Kutta method is applied to derive the self-organization patterns, which have been presented in
Section 3. The PDEs are solved with the help of open software from the XMDS projects [34].
5. Conclusion
In this paper, we have proposed an extended ‘‘rock–paper–scissors’’ model with five species, which is called the ‘‘fingers’’
game. The extinction of n-species cyclic interactions is defined as more than
 n
2

species being extinct, which extends the
definition of extinction in the ‘‘rock–paper–scissors’’ game. By using direct simulations and nonlinear PDEs, we investigate
the effects of mobility and reproduction rate on special coexistence in comparison with the ‘‘rock–paper–scissors’’ model
and conclude that higher mobility can jeopardize biodiversity and higher reproduction rate can promote biodiversity. An
important finding is that the number of species in cyclic competition has an influence on the emergence of biodiversity;
in detail, the ‘‘rock–paper–scissors’’ model is in favor of maintaining biodiversity in comparison with the ‘‘fingers’’ model
when the variables (lattice number, reproduction rate, selection rate, and migration rate) are the same.
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